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Abstract
In theories with a broken discrete symmetry, Hubble sized spherical domain walls may spon-
taneously nucleate during inflation. These objects are subsequently stretched by the inflationary
expansion, resulting in a broad distribution of sizes. The fate of the walls after inflation depends on
their radius. Walls smaller than a critical radius fall within the cosmological horizon early on and
collapse due to their own tension, forming ordinary black holes. But if a wall is large enough, its
repulsive gravitational field becomes dominant much before the wall can fall within the cosmological
horizon. In this “supercritical” case, a wormhole throat develops, connecting the ambient exterior
FRW universe with an interior baby universe, where the exponential growth of the wall radius
takes place. The wormhole pinches off in a time-scale comparable to its light-crossing time, and
black holes are formed at its two mouths. As discussed in previous work, the resulting black hole
population has a wide distribution of masses and can have significant astrophysical effects. The
mechanism of black hole formation has been previously studied for a dust-dominated universe. Here
we investigate the case of a radiation-dominated universe, which is more relevant cosmologically,
by using numerical simulations in order to find the initial mass of a black hole as a function of the
wall size at the end of inflation. For large supercritical domain walls, this mass nearly saturates the
upper bound according to which the black hole cannot be larger than the cosmological horizon. We
also find that the subsequent accretion of radiation satisfies a scaling relation, resulting in a mass
increase by about a factor of 2.
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I. INTRODUCTION
Quantum fluctuations of matter fields during the inflationary epoch may have seeded the
large scale structure we observe in the universe. While this process is usually considered in
the perturbative regime, it was recently pointed out in Ref. [1] that non-perturbative quan-
tum effects could also contribute to the formation of structure on astrophysically relevant
scales. Here we will focus on the scenario where the spontaneous nucleation of spherical
domain walls during inflation leads to a population of primordial black holes, with a wide
spectrum of masses.
Domain walls are two dimensional topological defects that may arise in theories with a
spontaneously broken discrete symmetry, separating neighboring regions where the field is
in different vacua. They are characterized by a finite energy density σ per unit surface, and
a tension of equal magnitude. Such tension, or negative pressure, is the source of a repulsive
gravitational field. In the thin wall limit, the metric for a planar domain wall in the yz-plane
(in an otherwise empty space) is given by [2–4]
ds2 = −
(
1− |x|
tσ
)2
dt2 + dx2 +
(
1− |x|
tσ
)2
e2t/tσ
(
dy2 + dz2
)
, (1)
where
tσ =
1
2piGσ
. (2)
Here, G is Newton’s constant. The (x, t)-part of the metric is a (1 + 1)-dimensional Rindler
space, and a geodesic observer near x = 0 will recede from the wall with acceleration t−1σ .
Also, the hypersurface x = 0, corresponding to the worldsheet of the wall, inflates at the
constant rate Hσ = t−1σ .
Cosmologically, domain walls may form by the Kibble mechanism at a phase transition,
when the universe goes from a high temperature symmetric phase to a broken phase at
lower temperatures. In this case, the distribution of defects at the time of formation will
include closed walls as well as infinite walls of quite irregular shapes [2]. After the phase
transition, the number of walls stretching across a horizon region is at least of order one,
and such defects would come to dominate over the radiation or matter density at a time of
order tσ. This leads to a domain wall problem unless tσ & t0 where t0 is the current age of
the universe. This severely limits the tension to be rather low σ . 1/Gt0 ∼ (100 MeV)3,
while an even stronger constraint, σ . (1 MeV)3 follows from the observed isotropy of the
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CMB [5].
Here we will be interested in a very different production mechanism, where the domain
wall problem does not arise, and the above constraints on σ do not apply. The scenario of
our interest is the spontaneous nucleation of domain walls during inflation [6]. This can be
thought of as quantum process by which the radius of a closed wall tunnels from vanishing
size to Hubble size. The walls thus created are subsequently stretched by the inflationary
expansion, resulting in a broad distribution of sizes. In the semiclassical limit, they are
expected to be nearly spherical, with a size distribution which at the end of inflation takes
the form,
dn ≈ λ(R)dR
R4
. (3)
Here, n is the number density of walls, and λ is the nucleation rate in Hubble units during
inflation. The nucleation rate has an exponential dependence on the action SE of the
semiclassical tunneling path, λ ∝ e−SE , where SE ≈ 2pi2σH−3i . Here Hi is the inflationary
Hubble rate. The radii R are in the range 1 . HiR . eN , where N ∼ 60 is the number
of e-folding of slow roll inflation within observationally accessible scales. For constant λ the
distribution (3) would be scale invariant, but we may expect some dependence of λ on R,
since the value of Hi, and perhaps also σ, will slowly vary during inflation.
The dynamics of spherical domain walls in vacuum has been thoroughly studied in the
literature. Ref. [4] considered the evolution of a spherical domain wall in asymptotically
flat space. In this case the interior metric is Minkowski and the exterior is Schwarzschild.
It was shown that if the wall is initially larger than the Schwarzschild radius, then it always
collapses to a black hole singularity. Refs. [7–9] considered the more general case of a false
vacuum bubble surrounded by true vacuum, and studied the motion of the domain wall at
the boundary of these two regions by matching an interior de Sitter with a Schwarzschild
exterior metric. This includes, in particular, the case when the energy density inside the
bubble vanishes, so that the only source of the gravitational field is the domain wall. A
solution was found where a domain wall emerges from an initial “white hole” singularity,
and expands without bound thereafter in a baby universe. The baby universe is initially
connected to the asymptotically flat region by a wormhole, but the wormhole eventually
pinches off, leading to a change in topology. Because of the initial white hole singularity,
such solutions may be considered somewhat unphysical. However, as pointed out in Ref.
[1], a similar process can occur for sufficiently large walls in the aftermath of a standard
3
inflationary phase1. In this case there is no initial white hole singularity.
In our cosmological setting, the fate of the walls depends on their size R at the time ti
when inflation ends [1]. At that time, all walls have radii greater than the horizon and are
essentially at rest with respect to the Hubble flow. A useful parameter is the time tH(ri)
when the comoving scale ri = R/a(ti) would fall within the Hubble radius in an undisturbed
FRW universe. In a dust or radiation-dominated universe, we have tH = 8r3i /(27t2i ), or
tH = r
2
i /(4ti) respectively. Here, and for the rest of this paper, we will adopt the convention
that a(ti) = 1, so that ri = R.
A wall with tH(ri)  tσ is called “subcritical”, and its gravitational field can be safely
neglected before horizon crossing. The wall grows for a while due to the cosmological expan-
sion, and at the time tH it realizes that it’s actually a ball. Then it is forced by the surface
tension to shrink to a size smaller than the corresponding Schwarzschild radius, forming an
ordinary black hole. Afterwards, some of the nearby fluid falls into the black hole, leading
to mass accretion.
On the other hand, a wall with tH(ri) tσ is called “supercritical”, and its gravitational
effect becomes significant at time tσ, before the wall has a chance to fall within the cosmo-
logical horizon. Due to its repulsive nature, the wall pushes fluid away, leaving two nearly
empty layers in its vicinity, which separate the wall from an interior and an exterior FRW
regions. The exterior FRW universe continues its power law Hubble expansion, but the wall
radius grows exponentially in proper time. This is only possible because the wall creates a
wormhole, through which it escapes into a baby universe. The wormhole pinches off in a
timescale comparable to its light crossing time, and observers on either side of the wormhole
throat will see a black hole forming, possibly with different masses on both sides.
The reason why there is no domain wall problem in this scenario can easily be understood
as follows. Subcritical walls form black holes before their contribution to the energy (on the
Hubble scale) can become significant. After that, they simply behave as a contribution to
cold dark matter. On the other hand, for supercritical walls, the repulsive gravitational field
becomes important at the time tσ, when their energy density locally dominates over the
matter density (in all Hubble patches containing a segment of the wall). As soon as this
1 The possibility of wormhole formation in cosmological spacetimes has also been discussed earlier in Refs.
[10–12], but without suggesting a realistic cosmological scenario where it can be realized.
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happens, the wall starts creating a wormhole, and the “domain wall problem” is exported
into the resulting baby universe. All we are left with in the parent universe is a distribution
of primordial black holes with a broad spectrum of masses [1].
The relative contribution of black holes of mass Mbh to the dark matter density ρm is
given by f ≡ (Mbh/ρm)dn(Mbh)/d logMbh. This is determined by the initial distribution
of wall sizes, Eq. (3), by using the relation Mbh(R) which gives the black hole mass a
function of the initial wall radius R. In Ref. [13] this relation was studied numerically for
subcritical walls in a dust-dominated background. In Ref. [1] the limits of small and large
walls were studied analytically for the case of a dust background. The limit of small walls in
a radiation background was also discussed. Nonetheless, the more interesting case of large
supercritical walls in a radiation-dominated universe was not analyzed quantitatively. In
this case, pressure gradients create a flux of radiation across the wormhole, which affects the
mass of the resulting black hole, but the impact of this effect is hard to estimate analytically.
In Ref. [1], the mass of supercritical black holes was tentatively assumed to be of order
Mbh ∼ tH/G, saturating the condition that the apparent horizon of a black hole at the
time of formation cannot be bigger than the size of the cosmological horizon. This upper
bound was indeed shown to correspond to the mass of large supercritical black holes in dust.
For the case of a radiation, this relation was only suggested by the behavior of Mbh(R) for
small walls, extrapolated up to the critical size. With this assumption, it was found that
the peak of the distribution f corresponds to black holes of mass Mcrit ∼ tσ/G, coming
from the collapse of a walls with tH(ri) ∼ tσ. In this paper, we will provide a more precise
determination of Mbh(R), which should allow for a better comparison of the distribution f
with observations.
Since the nucleation rate λ is highly suppressed for σ  H3i , and the semiclassical approx-
imation breaks down for σ  H3i , this leaves σ ∼ H3i as the preferred range of parameters.
For an inflationary Hubble rate in the interval 1014 GeV & Hi & 100 GeV the peak in f
lies within the range 107 kg . Mcrit . 1015M. This leaves ample room for potentially
observable effects on astrophysical and cosmological scales. Black holes at the peak of the
distribution would form well within the radiation-dominated era, and therefore it is impor-
tant to explore this case in greater detail. This will be the subject of the present paper.
In Section II we describe our model and the equations of motion. The masses of subcritical
and supercritical black holes as a function of the initial radius are discussed in Sections III
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and IV, respectively. Section V is devoted to a description of the evolution of the interior
of a supercritical wall filled with radiation. Section VI summarizes our conclusions.
II. DYNAMICS OF SPHERICAL DOMAIN WALLS IN AN AMBIENT FRW UNI-
VERSE
In this section we consider the equations of motion and boundary conditions for a spherical
domain wall embedded in an otherwise homogeneous FRW universe, initially dominated by
the energy density of a perfect fluid.
A. Model and equations of motion
We will be interested in a spherically symmetric situation, where the metric can be written
in the form
ds2 = −A(r, t)dt2 +B(r, t)2dr2 +R(r, t)2dΩ2. (4)
Here R(r, t) is the area radius, which we assume to vanish at the origin of spherical coordi-
nates, R(0, t) = 0, and dΩ2 ≡ dθ2 + sin2 θdϕ2. There is some freedom in choosing the lapse
function A(r, t), and in what follows we set A(r, t) = 1, which completely fixes the gauge.
This is called geodesic slicing because observers at fixed spatial coordinates experience free-
fall [14].
A domain wall can be described by a scalar field φ(r, t) with a double-well self-interaction
potential V (φ). The Lagrangian density is given by
Lφ = 1
2
(∂αφ)(∂
αφ)− V (φ), (5)
and the corresponding energy-momentum tensor takes the form
T (φ)µν = ∂
µφ∂νφ− δµνLφ. (6)
The background in which the domain wall is embedded is initially dominated by a perfect
fluid with energy-momentum tensor T (f)µν = (ρ+ p)uµuν + δµν p, where ρ(r, t) and p(r, t) =
wρ(r, t) are respectively the energy density and pressure measured in the fluid frame (w = 0
for dust and w = 1
3
for radiation). The fluid’s 4-velocity can be written in the form
uµ(r, t) =
(
1√
1− v2 ,
v
B
√
1− v2 , 0, 0
)
(7)
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where v(r, t) is the fluid’s 3-velocity relative to the comoving coordinate r. We shall assume
that there is only gravitational interaction between the scalar field and the fluid, so that the
total energy-momentum tensor is simply given by T (φ)µν + T (f)µν .
Our goal is to solve the equations of motion in order to find B(r, t), R(r, t), φ(r, t), ρ(r, t)
and v(r, t). Let Hi be the Hubble parameter at the end of inflation. By the following
replacements
r → r
Hi
, t→ t
Hi
, ρ→M2PlH2i ρ, φ→MPlφ, V →M2PlH2i V, (8)
where MPl = 1/
√
G, all variables become dimensionless. For instance, tH becomes 2r3i /3 for
dust and r2i /2 for radiation. In what follows we use the dimensionless variables.
Following [15, 16] we introduce
U ≡ R˙, Γ ≡ R
′
B
, K ≡ B˙
B
+
2R˙
R
, (9)
where ˙≡ ∂/∂t and ′ ≡ ∂/∂r. The evolution equations then take the form
K˙ = −
(
K − 2U
R
)2
− 2
(
U
R
)2
− 4pi(T00 + T 11 + 2T 22) (10)
U˙ = −1− Γ
2 + U2
2R
− 4piRT 11 (11)
Γ˙ = −4piRT
0
1
B
(12)
ρ˙ =
(1 + w)ρ
1− wv2
[
v2
(
K − 2U
R
)
−K − 2vΓ
R
− v
′
B
]
− 1− w
1− wv2
ρ′v
B
(13)
v˙ =
(1− v2)v
1− wv2
[
−
(
K − 2U
R
)
+ wK +
2wvΓ
R
− (1− v
2)w
(1 + w)v
ρ′
ρB
]
− 1− w
1− wv2
v′v
B
(14)
φ¨ = −Kφ˙+ 1
BR2
(
R2
B
φ′
)′
− ∂φV (15)
B˙ = B
(
K − 2U
R
)
(16)
R˙ = U (17)
where
T00 =
1 + wv2
1− v2 ρ+
1
2
φ˙2 +
1
2
φ′2 + V (φ) (18)
T 11 =
w + v2
1− v2 ρ+
1
2
φ˙2 +
1
2
φ′2 − V (φ) (19)
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T 22 = wρ+
1
2
φ˙2 − 1
2
φ′2 − V (φ) (20)
T 01 = φ˙φ
′ − 1 + w
1− v2ρvB (21)
Eq. (10), (11) and (12) follow from Einstein equations, while Eqs. (13) and (14) follow
from the conservation of the fluid energy-momentum tensor, and Eq. (15) is the scalar field
equation. As for Eqs. (16) and (17), they are satisfied by definition of K and U respectively.
As we discuss below, we use a combination of the Hamiltonian and the momentum constraint
in order to check for numerical accuracy [see Eq. (30)].
A common technical difficulty in simulating a domain wall over a large dynamical range
is that the spacetime around the wall is expanding. Hence, in comoving coordinates, the
wall thickness is decreasing, and more precision is needed to describe its sharper profile. To
deal with this problem, we adopt a conventional approach called adaptive mesh refinement
(AMR) [17]. A detailed recent discussion of this scheme can be found, for example, in Ref.
[18]. The strategy is to assign a sufficient number of grid points to the wall as the comoving
thickness decreases, while the grid density far away from the wall remains unaltered for
the sake of simulation efficiency. We require at least ∼ 20 grid points across the wall. To
calculate the derivatives on such a non-uniform grid, we use the method given in Ref. [19].
The difficulty becomes particularly acute when the wall starts inflating due to its self-
gravity, since then R grows exponentially in proper time, and the comoving thickness of the
wall shrinks exponentially. As a result, mesh refinement becomes inefficient for supercritical
walls after the time tσ. We will deal with this issue in Section IV.
B. Initial Conditions
For convenience, we choose the so-called sine-Gordon self-interaction potential for the
scalar field,
V (φ) = λ cos2
(
φ
2η
− pi
2
)
. (22)
The corresponding field equation has an analytic planar wall solution in flat spacetime, given
by
φw(x) = −4η arctan(e
x
η
√
λ
2 ) + 2ηpi. (23)
We use this as the initial profile of the scalar field, in the form
φ(r, ti) = φw(r − ri). (24)
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In dimensionless units (8), the initial energy density at the time ti in a FRW universe is
given by ρi = (3/8pi). The energy density in the core of the domain wall is assumed to be
subdominant at that time, and so we require λ  1. The thickness of the wall is given by
δ ∼ η/√λ and should be smaller than the initial Hubble radius, δ . 1. It follows that we
must choose η .
√
λ . 1. With this, the dimensionless surface tension σ ∼ η√λ . 1 will
also be small, and tσ = (2piσ)−1 & 1. For supercritical walls we need tσ . tH . In particular,
in the marginal case where σ ∼ 1, all walls with initial size much larger than the Hubble
radius, ri  1, will be supercritical.
For the metric components and fluid velocity we assume the initial conditions B(r, ti) = 1,
R(r, ti) = r and v(r, ti) = 0. Further we assume that φ˙(r, ti) = 0, and that the small initial
energy density of the wall is compensated for by a deficit in the energy density of the
background fluid, so ρ(r, ti) = (3/8pi) − (1/2)φ′2(r, ti) − V (φ). The initial values of K and
U can be determined from G00 = 8piGT00 and G01 = 8piGT01, and we find K(r, ti) = 3 and
U(r, ti) = r, as in an FRW universe.
C. Boundary Conditions
We also need to set boundary conditions at r = 0. Obviously R(0, t) = 0 and U(0, t) = 0.
By regularity, ρ′(0, t) = 0, v′(0, t) = 0, B′(0, t) = 0 and B(0, t) = limr→0R(r, t)/r, which
gives K(0, t) = limr→0 3U(r, t)/R(r, t) and Γ(0, t) = 1.
Note that there are no physical restrictions at the outer boundary in our computational
domain, because derivatives there do not necessarily vanish (as they do in an FRW region).
However, the only physical perturbation comes from the rarefaction waves produced near
the wall, and as long as we have a sufficiently large computational domain, we don’t need
to worry about reflected waves. Therefore, to evolve the outer boundary, we don’t specify
any boundary condition, but simply use one-sided derivatives [14]. This works well enough
for our purposes.
D. Expansions and Misner-Sharp Mass
Consider a spherical r = const. surface and a congruence kµ of null geodesics orthogonal to
it, with expansion given by Θ ≡ ∇µkµ. We denote by Θout and Θin the expansion of outgoing
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and ingoing radial null geodesics, respectively. A surface is trapped if both expansions are
negative, and anti-trapped if both are positive. The expansion of null congruence is useful
in characterizing black holes locally (see e.g. [14]). In our coordinate system, we have
Θout ∝ U + Γ
R
, Θin ∝ U − Γ
R
. (25)
In a flat FRW universe,
Θout ∝ H + 1
R
, Θin ∝ H − 1
R
(26)
which should be satisfied in regions far from the wall.
We may characterize the quasi-local mass of an object by adopting the concept of Misner-
Sharp energy [20, 21], which for a general metric ds2 = habdxadxb +R2dΩ2 is defined as
M =
R
2
(1− hab∂aR∂bR). (27)
and in our coordinates is given by
M =
R
2
(1− Γ2 + U2). (28)
For a perfect fluid, the energy-momentum tensor is diagonal. In this case,
8piT00 = G00 =
2M ′
R2R′
, (29)
which gives M = 4pi
´
T00R
2dR. So it is natural to interpret M as “mass”. For an FRW
universe, M is the total mass of matter enclosed by a sphere with radius R. In the case of
Schwarzschild spacetime, M is the mass constant in the metric. However, in our case, T µν
is not diagonal due to the scalar field. Instead of Eq. (29), now we have
M ′ = 4piR2
(
R′T00 − R˙T01
)
. (30)
We will use this equation as a check for numerical accuracy.
An important point for us about the Misner-Sharp mass is that it is not necessarily
monotonic in r, because R is not necessarily monotonic in r. In supercritical cases, due to
the existence of a wormhole, there is a local minimum of R and the mass M could decrease
with increasing r.
The apparent horizon of a spherically symmetric black hole is a marginally trapped
surface, where Θout = 0 and Θin < 0. By definition we have R = 2M at the apparent
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horizon. We also define the white hole horizon and cosmological horizon to be a marginally
anti-trapped hypersurface where Θin = 0 and Θout > 0. A spherical surface is anti-trapped
(with Θin > 0 and Θout > 0) within the white hole horizon, and is normal (with Θin < 0
and Θout > 0) if it lies between the white hole horizon and the cosmological horizon. Note
that by Eq. (26), the cosmological horizon and the Hubble radius coincide in a flat FRW
universe.
III. SUBCRITICAL WALL (tσ & tH)
A. Equation of Motion
When tσ  tH , the wall’s gravitational effect can be completely neglected until the wall
is about to collapse. Hence, the dynamics is well approximated by that of a test wall moving
in the FRW background. In this case the wall’s equation of motion is given by [1]
r¨ + (4− 3a2r˙2)Hr˙ + 2
a2r
(1− a2r˙2) = 0 (31)
where r is the wall’s comoving radius, a is the scale factor, and H ≡ a˙/a is the Hubble
parameter. When we get closer to the critical regime, the wall’s gravitational effect should
be taken into account, and a similar equation can be obtained (see Appendix),
r¨ + (4− 3a2r˙2)Hr˙ + 2
a2r
(1− a2r˙2) = 6piσ (1− a
2r˙2)
3
2
a
(32)
This equation is derived by assuming that the FRW spacetime inside the wall is unperturbed.
We see that the only difference between Eq. (31) and Eq. (32) is the right hand side, which
is a term related to the surface tension. It is also shown in Appendix that the time tBH
when the apparent horizon first appears is given by(
H +
1
ar
)√
1 + ar˙
1− ar˙ = 4piσ (33)
It turns out Eqs. (32) and (33) agree very well with our numerical solution of the full
equations of motion.
For dust background they work even near the critical regime where tσ ∼ tH (see Fig.
1). In the case of radiation, the propagation of rarefaction waves produced near the wall
influences the interior FRW region, but Eq. (32) is satisfied to a large extent. Eqs. (32)
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Figure 1: Trajectories of five walls in dust background (left panel, with tσ ≈ 74) and radiation
background (right panel, with tσ ≈ 30), with ri = 3, 3.5, 3.8, 3.9, 4 from the bottom up. Rwall = ar
is the wall’s area radius. Solid curves are obtained from Eq. (32), and dots are from simulations.
We can see that Eq. (32) works very well in the case of dust background even for walls near the
critical regime, where they start inflating.
and (33) can easily be solved numerically, and instead of running full simulations, it is much
more convenient to use them to obtain the initial black hole mass. This is simply given by
MBHi = (1/2)a(tBH)r(tBH), where r(tBH) is the location where the apparent horizon first
forms.
B. Initial BH
It would be useful to have an estimate of the black hole mass at the time of formation,
MBHi, from the initial conditions. Ref. [4] gives an expression for the black hole mass
formed by domain wall collapse in vacuum, MIS = 4piσR2m(1 − 2piσRm), where Rm is the
maximum area radius of the wall and can be determined by Eq. (32). Let MBHi = CISMIS
with CIS a coefficient. We find that solving Eq. (32) and (33) gives CIS ≈ 1.1 for both dust
and radiation.
Now let RH = 1/H(tH), which is simply given by r3i for dust and r2i for radiation.
Physically, we expect Rm to be of the same order as RH , since the wall comes to a halt
and then collapses due to its tension once it falls within the cosmological horizon. When
tσ  tH , we may assume MBHi = 4piσCR2H , where C is a coefficient. By solving Eq. (31),
it was found in Ref. [1] that Cdust ≈ 0.15 and Cradiation ≈ 0.62. Solving Eq. (32) certainly
gives similar results.
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Figure 2: MBH as a function of time for two subcritical walls in dust background with ri = 5 and 6,
and tσ ≈ 300. After the black hole is formed, its mass increases and converges to MBHf ≈ (1/2)r3i .
C. Final BH
A singularity arises soon after the apparent horizon forms. A well known drawback of
the geodesic slicing that we are using is that it inevitably hits the singularity [14]. To
avoid the breakdown of the simulation, we cut off the black hole region by ignoring what
happens inside the apparent horizon, and use one-sided boundary conditions there. Since
the apparent horizon lies inside the event horizon, it is safe to do so. Such black hole excision
method [14] allows us to evolve the spacetime to a much later time and observe the mass
accretion.
The evolution of the black hole mass, MBH(t), is different for dust and radiation. It was
shown in [13] that, for a dust background, all of the fluid between the apparent horizon and
the exterior FRW boundary (which is also the approximate comoving location of the initial
wall), gradually falls into the black hole, while the exterior region is unaffected. Eventually,
we have a black hole enclosed by an empty region surrounded by a dust universe, where the
final black hole mass MBHf is simply the enclosed mass within the initial wall, and is given
by MH = (1/2)r3i (see Fig. 2).
However, in a radiation-dominated universe, fluid keeps being pushed in and there will
not be an empty layer outside the black hole horizon (see Fig. 3). The mass MBH(t) keeps
growing as the FRW energy density decreases (see Fig. 4).
The accretion of primordial black holes in the early universe was first studied in Ref. [22].
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Figure 3: Evolution of the radiation energy density distribution in the case of a subcritical wall with
ri = 5 and tσ ≈ 300. The left panel shows ρ(r) at time t = 20.5, 24.5, 28.5, 32.5, 40.5 from the top.
The wall (which is not shown in the plot) is at the position where ρ has the minimum value. We can
see that rarefaction waves (which will be discussed later) are produced and propagate away from
the wall. Meanwhile in the exterior region the energy density decreases as in an FRW universe. A
“bump” develops outside the wall and will be cut off later because it will be within the black hole
apparent horizon. The right panel shows ρ(r) at time t = 40.5, 52.5, 72.5, 112.5 from the top. The
black hole (which is excised for the last three moments in the plot) is not surrounded by an empty
layer as it is in a dust universe. We can see that the energy deficit between the apparent horizon
and the unperturbed FRW region is smoothed out with time.
If we assume that the radiation energy density right outside the black hole horizon decreases
as in an FRW universe, the accretion rate of the black hole can be written as
dMBH(t)
dt
= 4piFR2BHρ(t) (34)
where RBH = 2MBH is the Schwarzschild radius, and the accretion efficiency F is expected
to be a constant of order one [23, 24]. The solution is
MBH(t) =
1
1
M0
+ 3
2
F
(
1
t
− 1
t0
) (35)
where M0 is the initial black hole mass and t0 the time when the black hole is formed.
In trying to fit our numerical results with this equation, we have to take into account
that the spacetime near the apparent horizon is not FRW when the black hole is formed, so
M0 is not necessarily MBHi. Instead, we choose values for M0 and t0 at a sufficiently late
time. In the original and some subsequent papers [25, 26], RBH is replaced by an effective
capture radius of relativistic particles by the black hole, Reff = (3
√
3/4)RBH . This gives
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Figure 4: MBH as a function of time for six subcritical walls in the background of radiation with the
same surface tension (tσ ≈ 300) but different radii. ri = 5, 6, 7, 8, 9 and 10 from the bottom. Blue
curves are from simulations, and dashed red curves are from Eq. (35). For ri = 5,
MBHf
MBHi
≈ 1.5; for
ri = 6,
MBHf
MBHi
≈ 1.6; for ri = 7, MBHfMBHi ≈ 1.8; for ri = 8,
MBHf
MBHi
≈ 1.9; for ri = 9, MBHfMBHi ≈ 2.0; for
ri = 10,
MBHf
MBHi
≈ 2.0. The ratio increases to ∼ 2 as we approach the critical regime.
Figure 5: MBH as a function of time for four subcritical walls in the background of radiation with
the same ri(= 5) but different surface tension. tσ ≈ 200, 100, 50 and 25 from the bottom. Blue
curves are from simulations, and dashed red curves are from Eq. (35). For tσ = 200,
MBHf
MBHi
≈ 1.5;
for tσ = 100,
MBHf
MBHi
≈ 1.8; for tσ = 50, MBHfMBHi ≈ 2.0; for tσ = 25,
MBHf
MBHi
≈ 2.0. The ratio increases
to ∼ 2 as we approach the critical regime.
15
Figure 6: Embedding diagrams showing how a wormhole develops with time outside the wall.
The flat-looking region at the top and the bottom area represent the interior and exterior regions
respectively. The ring that encircles the top is where the wall is located. The distance from the
cap center along a longitude line is the proper radius d(r, t) ≡ ´ r0 B(r˜, t)dr˜, while the radius of a
latitude circle is the area radius R. The throat will be pinched off when the black hole singularity
is encountered. These diagrams are not shown with the same scale. The radius of the ring should
grow exponentially.
F ∼ 27/16. Some argued [27] that ρ should be replaced by ρ + 3p = 2ρ, to account for
the difference between the radiation energy density and the gravitational energy density.
Combining these two effects gives F ≈ 3.4. We find that F ≈ 3.8 works very well for the
data from all our simulations. From Fig. 4 we can see that, for relatively large walls, the
equation doesn’t match the data right after the black hole formation, but works perfectly at
later times. With this in mind, we don’t need to run the simulation and wait until MBH(t)
converges to a constant, since as soon as Eq. (35) is satisfied, we can immediately infer the
final mass:
MBHf =
1
1
M0
− 5.7
t0
. (36)
Here M0 and t0 can be the values at any sufficiently late time. Our simulations suggest that
the time it takes for the accretion to settle into the regime described by Eq. (35) is about
10− 100 MBHi.
Note that for relatively small walls, the black hole doesn’t grow much. By increasing ri
or σ, the ratio MBHf
MBHi
increases until the critical regime is reached. In this regime, the ratio
saturates to MBHf
MBHi
≈ 2 (See captions under Fig. 4 and 5). In Section IV we will see that the
size of a supercritical black hole as measured by an observer in the exterior asymptotically
FRW region also doubles after its formation.
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IV. SUPERCRITICAL WALL (tσ . tH)
Gravitational collapse in the supercritical case is geometrically rather interesting. Al-
though the wall grows without bound, it does so in a baby universe. First, a wormhole
develops in the region between the wall and the exterior FRW universe. The wormhole
evolves into a black hole interior region, bounded by two future black hole horizons, one fac-
ing the asymptotic FRW universe, and the other facing the baby universe (see Fig. 6). The
wormhole eventually “pinches off“ at the black hole singularity. This effectively disconnects
the baby universe from the exterior parent universe.
As shown in Ref. [1], if we consider a thin wall in a dust background, the wall repels the
fluid nearby, and is subsequently sandwiched by two Schwarzschild layers with the same mass
parameter MBH . In the strongly supercritical limit, this mass is equal to the mass of matter
initially enclosed by the shell. In the outer empty layer, there is a wormhole connecting
two normal regions. From either side of the wormhole throat a black hole can be observed.
In simulations, however, we find that the two masses (M (in)BHf and M
(out)
BHf ) are not exactly
identical because more fluid falls in from outside due to the initial wall thickness. More
importantly, in a radiation-dominated universe, there is also mass accretion, as happened
in the subcritical case. As we shall see, for a dust background M (in)BHf ≈ M (out)BHf , while for
radiation M (out)BHf ≈ 2M (in)BHf .
A. Spacetime Structure
Using adaptive mesh refinement, we can evolve the domain wall for some time. However,
once the wall starts expanding exponentially, more and more grid points need to be intro-
duced to cover a wall that keeps getting thinner in comoving coordinates. At that point
the code becomes computationally expensive. Fortunately, in this regime the wall moves
supersonically away from both the interior and the exterior regions, and becomes detached
from the fluid. Afterwards, the wall remains in between two almost empty layers, where the
energy density of both the scalar field and the fluid is completely negligible compared to the
FRW density (Fig. 7). Since we are mostly interested in the black hole as it is seen from the
exterior FRW region, we removed the wall and the region interior to the wall in some of the
simulations. The evolution of the interior region will be considered separately in Section V.
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Figure 7: This graph shows how the wall pushes radiation away. Both fluid and field energy density
have been rescaled so that the largest value is 1. The blue curves are the earliest curves in this set.
The x−axis is the proper radius d(r, t) ≡ ´ r0 B(r˜, t)dr˜ on a constant time hypersurface. The proper
thickness of the wall barely changes.
Figure 8: The evolution of the expansions outside the wall in the case of radiation background.
The wall is located at r ∼ 6. Blue curves are the earliest curves in this set. By the definitions of
Θin and Θout, their intersection gives the position of the wormhole throat.
Let us now consider the formation and time evolution of the wormhole. Fig. 8 shows
the behavior of the expansion of radial null congruence as a function of radius, for different
times, and Fig. 9 shows the spacetime structure outside the wall, with the lines separating
anti-trapped from normal regions, and normal regions from trapped regions. These two
graphs are obtained from a simulation of a supercritical wall in radiation background with
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Figure 9: Depicted under simulation coordinates, this graph shows the radiation energy density
distribution outside the wall. The wall is located at r ∼ 6. The energy density has been rescaled so
that ρFRW = 1. Two apparent horizons and the cosmological horizon are shown with black dots.
Five constant time slices here respectively correspond to the five different stages discussed in text.
The yellow dashed curve is the rarefaction wave front trajectory (Eq. (37)). The intersection of
the yellow curve and the black dots indicates the time when the unaffected FRW region first comes
within the cosmological horizon.
ri = 6 and tσ ≈ 4. The evolution can be summarized as follows. (1) Initially, any sphere
of radius bigger than the cosmological horizon H−1i (i.e. with r > 1) is anti-trapped, so
Θout,Θin > 0 (blue curves and slice). (2) Later, Θout reaches zero (green) at the intersection
of the inner white hole horizon and the wall. Then, the slice begins to cross a normal region
inside the throat, with Θout < 0 and Θin > 0 (note that this is opposite to what happens
in a trivial geometry). An observer in this region would see himself inside the spherical
wall and outside the wormhole. (3) Afterwards, Θin reaches zero (red), at place where the
outer white hole and cosmological horizons emerge in the exterior region (r ∼ 10 in this
example). From that point on, the slice begins to cross a normal region outside the throat.
(4) At a later time, the marginally anti-trapped surface where Θout = 0 coincides with the
surface where Θin = 0 (purple). This corresponds to a bifurcating marginal surface, and the
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Figure 10: This sketch shows how geodesic slicing fails to avoid the singularity in Schwarzschild
spacetime depicted in a Kruskal-Szekeres diagram [28]. We excise the BH region at two apparent
horizons to evolve the spacetime to a much later time.
white hole begins to turn into a black hole. (5) The slice then leaves the WH region and
two apparent horizons appear with Θout = 0 (Θin < 0) and Θin = 0 (Θout < 0) respectively
(brown).
As in the subcritical case, we can excise the trapped region to avoid simulation breakdown.
Now we need to cut at two apparent horizons instead of one (see Fig. 10). However, we
are still able to evolve this region for a while to see how the singularity arises. After the
apparent black hole horizons form, the area radius of the throat begins to decrease and
approaches zero (Figs. 11 and 12). Correspondingly, the fluid energy density at the throat
starts to increase and eventually goes to infinity. This corresponds to the spike of growing
amplitude in Fig. 12.
B. Upper Bound on the Initial BH mass
At the time tBH , two black hole apparent horizons with the same initial mass MBHi are
formed, at the point where Θout and Θin reach zero in the (r, t) plane. Note that MBHi
should have an upper bound M˜H , which is the total mass enclosed by the horizon crossing
radius of the unperturbed FRW region. Within the cosmological horizon, a spherical surface
is normal (i.e. it’s not trapped nor anti-trapped). A contradiction would arise if the black
hole (or white hole) apparent horizon were bigger than the cosmological horizon, because
the region inside the black hole (or white hole) is trapped (or anti-trapped). Therefore,
the Schwarzschild radius of the black hole cannot exceed the horizon crossing radius of the
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Figure 11: The area radius R as a function of r for a supercritical case. The bottom blue curve
is the earliest curve in this set, and the green curve is the latest. Initially R = r, and in the
unperturbed exterior region, R = a(t)r. Normally R is monotonic in r, but the domain wall distorts
the spacetime, so that a local minimum of R develops with time, which represents the formation of
a wormhole throat. The area radius of the throat increases at first, then decreases as it collapses to
a black hole. A singularity is encountered when R reaches zero. R on the wall grows exponentially,
which explains the sharp peak at r ∼ 6, where the wall is located.
Figure 12: Evolution of the radiation energy density as the white hole turns into a black hole. The
x−axis in the first graph is the comoving radius r, while in the second it is the area radius R.
The blue curves are the earliest in this set. After apparent horizons appear, the area radius of the
throat decreases and approaches zero, and fluid energy density at the throat starts to form a spike
that approaches infinity, which is the singularity. ρ(R) is double-valued because R goes through
the minimum at the throat. The upper and the lower branches correspond to the radiation energy
density outside and inside the throat, respectively. The wall is located at r ∼ 6. ρ in the interior
region has decreased significantly (see Fig. 19).
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unperturbed FRW region.
In the case of dust background, if we neglect the initial wall thickness, we simply have
M˜H = MH = (1/2)r
3
i , because the FRW boundary outside the wall is unperturbed. In
the case of radiation, however, the perturbation due to the wall propagates outwards as a
rarefaction (or decompression) wave. The speed of the wave is the speed of sound, a(dr/dt) =
1/
√
3, where a(t) = (t/ti)1/2 and r is the comoving radius of the wave front. Neglecting the
wall thickness, and taking into consideration that ti = 1/2, the solution is
r(t) = ri +
1√
3
(√
2t− 1
)
. (37)
The time when this expanding wave front comes within the cosmological horizon (see Fig.
9) can be found from a(t)r(t) = 2t, which gives
M˜H = t˜H ≈ 2.8
(
ri − 1√
3
)2
(38)
For large ri, M˜H ≈ 2.8r2i = 5.6MH . As we shall see, the actual black hole mass is comparable
to this upper bound.
C. Inner BH
Simulations show that MBHi and tBH are linearly related (see Figs. 13 and 15). In a
dust-dominated universe, MBHi ≈ 0.31 tBH ; for radiation, MBHi ≈ 0.34 tBH .
After the black holes are formed, fluid nearby falls in and the black hole masses increase.
For the inner black hole the situation is not very different for dust and radiation because
the energy density has a tiny value between the wall and the apparent horizon (see Fig. 17).
Starting withMBHi, M
(in)
BH (t) converges very quickly (see Fig. 13 and 15), soM
(in)
BHf ≈MBHi.
In the case of dust background, it was argued in Ref. [1] that for a large supercritical
wall, M (in)BHf ≈ MH , where MH = (1/2)r3i is the enclosed mass within the initial shell. In
Fig. 14 we can see that the ratio M (in)BHf/MH does approach 1 with an increasing ri. The
deviation comes from the initial wall thickness and energy compensation.
As for the case of radiation, simulations show thatM (in)BHf/MH ≈ 2.8 as ri increases, where
MH = (1/2)r
2
i is the enclosed mass at tH (see Fig. 16). This is about half of the upper
bound estimated in Eq. (38). As in the case of dust background, M (in)BHf is independent of
the wall’s tension.
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Figure 13: Evolution of MBH(t) for four supercritical walls in the background of dust with ri =
4, 6, 8 and 10 from the bottom, and tσ ≈ 3. When the black holes are formed, the masses of the
inner and the outer black hole are identical. We find thatMBHi ∝ tBH (dashed straight line). Then
M
(in)
BH (t) converges very quickly, while M
(out)
BH (t) grows for a long time, yet doesn’t increase much.
The difference between the two is caused by the wall thickness. If ri is very large, M
(in)
BHf ≈M (out)BHf .
Figure 14: Blue dots are
M
(in)
BHf
MH
for seven supercritical walls in the background of dust with ri =
4, 6, 8, 10, 15, 20 and 25. We can see that the ratio approaches 1 as ri increases.
D. Outer BH
As in the subcritical case, the evolution of M (out)BH (t) is very different for different fluids
(Fig. 17). Dust between the apparent horizon and the edge of the exterior FRW region
eventually falls into the black hole, while the FRW region is unaffected. If ri is sufficiently
large, such mass accretion is negligible, and we have M (out)BHf ≈MH (see Fig. 13).
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Figure 15: Evolution of MBH(t) for four supercritical walls in the background of radiation with
ri = 4, 6, 8 and 10 from the bottom, and tσ ≈ 3. Again we find that MBHi ∝ tBH (dashed straight
line). M (in)BH (t) converges very quickly, while M
(out)
BH (t) grows for a long time, as radiation in the
exterior region keeps falling in.
Figure 16: Blue dots are
M
(in)
BHf
MH
for six supercritical walls in the background of radiation with
ri = 4, 6, 8, 10, 12 and 14. We see that the ratio approaches 2.8 as ri increases.
However, in the case of radiation, since fluid keeps falling in, M (out)BH (t) grows for a long
time before it converges. We find that Eq. (35) applies here as well at later times, again
with F ≈ 3.8. Moreover, it turns out that M (out)BH (ri, t) satisfies a scaling relation (see Fig.
18). For two walls labeled by 1 and 2 respectively, we find that
M
(out)
BH2 (Kt) = KM
(out)
BH1 (t) (39)
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Figure 17: The upper and lower graphs illustrate the mass accretion processes for dust and radiation
backgrounds, respectively. Each graph shows the energy density distributions at four different
moments, with time increasing from top to bottom. The wall is located at r ∼ 6. (To avoid
simulation breakdown, we excise most of the spacetime region between the two apparent horizons.)
Dust between the outer black hole horizon and the exterior FRW boundary falls in, so M (out)BHf is
slightly larger than M (in)BHf . If the wall is very large, this difference is insignificant. In the case of
radiation background, the rarefaction wave propagates outwards, and the energy density approaches
a uniform value. As the energy density decreases in the exterior FRW region, accretion slows down
and the black hole mass converges to a constant. In radiation case, ρ in the interior region has
decreased significantly (see Fig. 19).
where
K ≈ MBHi2
MBHi1
≈
(
ri2
ri1
)2
(40)
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Figure 18: This graph shows M (out)BH as a function of time for four supercritical walls in the back-
ground of radiation with ri = 4, 6, 8 and 10 respectively (the same walls as those in Fig. 15). Blue
curves are from simulations, dashed red curves from Eq. (35), and solid yellow curves are from Eq.
(39) relative to the wall with ri = 4. For ri = 6, K = 1.5122 ≈
(
6
4
)2; For ri = 8, K = 2.0222 ≈ (84)2;
For ri = 10, K = 2.5332 ≈
(
10
4
)2.
Since M (out)BH (t)→M (out)BHf as t→∞, it follows that
M
(out)
BHf2
M
(out)
BHf1
≈
(
ri2
ri1
)2
. (41)
Therefore the relation between M (out)BHf and MBHi (or MH) can be determined by looking at
a single case, say ri = 10. By reading M0 and t0 from simulations at a sufficiently late time,
Eq. (35) gives M (out)BHf ≈ 276 ≈ 5.5MH ≈ 2MBHi. Hence we conclude that for supercritical
domain walls in the background of radiation, the mass of the outer black hole roughly doubles
after its formation.
V. FIREBALL
For completeness, here we consider the evolution of the interior region of a supercritical
wall in radiation background. Once the empty layers are formed, as the wall inflates away,
we are left with a relativistic fireball expanding into vacuum. The dynamics of this system
is of interest in itself, because similar fireballs may be at the origin of γ-ray bursts (GRBs).
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Figure 19: Propagation of the rarefaction waves. As the wave front reaches the center, the radiation
energy density begins to drop much faster than that in the exterior region.
Figure 20: As the wave front reaches the center, a reflected wave is produced and begins to propagate
outwards.
Analytical and numerical investigations of the fireball expansion as applied to the GRB
events have been done in numerous works [29–33].
Let us briefly summarize our numerical results in the present context. In the case of
radiation background, a rarefaction wave is produced near the wall and then propagates
towards the center, while the energy density near the center keeps decreasing as in an FRW
universe. If the initial wall thickness can be neglected, the motion of the wave front is given
by
r(t) = ri − 1√
3
(√
2t− 1
)
, (42)
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Figure 21: As the reflected wave moves outwards, a shell is formed where most energy is concentrated
and moves nearly at the speed of light, leaving an empty region inside the fireball.
Figure 22: The Lorentz factor Γ = 1√
1−v2 as a function of r as the shells expand in Fig. 21.
where we have used that, in our units, ti = 1/2. When the wave reaches the center, at time
t =
1
2
(√
3ri + 1
)2
, (43)
the energy density near the center begins to drop much faster than that in the exterior FRW
region (see Fig. 19). The reason is that there is no external pressure on the fireball, so it
freely expands into the empty space which is opened up by the receding wall. Numerically
we find ρ(r = 0, t) ∝ t−n with n ≈ 8. Once the rarefaction wave hits the center, a reflected
wave moves outwards (see Fig. 20). Then a leading shell is formed where most energy is
concentrated and moves nearly at the speed of light (see Figs. 21 and 22), leaving an empty
region inside the fireball. This evolution scenario is in a qualitative agreement with earlier
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studies of relativistic fireballs [29–33].
VI. SUMMARY AND CONCLUSIONS
In this paper we have numerically studied the gravitational collapse of spherical domain
walls embedded in an FRW universe. The resulting spacetime structure depends on whether
the acceleration time-scale tσ = (2piGσ)−1 associated with the gravitational field of the
domain wall is larger or smaller than tH(ri). Here, ri is the initial radius of the wall at the
time when inflation ends, and tH is the time at which such comoving scale would cross the
horizon in an undisturbed FRW universe.
Subcritical walls are those with tσ  tH . Their gravitational field can be neglected
at least up to the time tH . At that point, they start shrinking under the pull of their
own tension and eventually collapse, forming ordinary black holes. We developed a semi-
analytical method to obtain the trajectory of subcritical walls, and the initial mass of the
resulting black holes. For walls that collapse in a dust-dominated universe, we find that the
initial mass is given by MBHi ≈ 5σt2H , while for walls collapsing in a radiation-dominated
universe we find MBHi ≈ 30σt2H . These results are in good agreement with the numerical
studies of Refs. [1, 13] for the case of a matter dominated universe, and Ref. [1] for the
radiation-dominated case. We then turned to simulations to study the subsequent accretion
of nearby fluid into the black hole.
For the matter dominated case, we find that the final mass is given byMBHf ≈ (3/4)tH/G.
This result is in agreement with Ref. [13], and the situation can be described as follows.
In our model, matter can freely pass through the domain wall, interacting with it only
gravitationally. Nonetheless, all of the matter that was originally contained within the wall
will either remain within the wall until the black hole forms, or it will exit the wall with less
than the escape velocity, eventually falling back into the black hole.
On the other hand, for subcritical walls in the radiation-dominated universe, mass ac-
cretion turns out to be more modest. It turns out that this is well described by Zeldovich
and Novikov’s model, Eq. (34), with an accretion efficiency F ≈ 3.8, and we find that
MBHf ≈ αMBHi where 1 < α < 2, and α ≈ 2 as we approach the critical limit where
tσ ∼ tH .
Supercritical walls are those with tσ  tH . At the time tσ a supercritical wall starts
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pushing matter away from it, while growing in size at an exponential rate. To accommodate
such behavior, the wall moves through a wormhole into a baby universe, where its exponential
expansion continues forever. The wormhole pinches off on a time-scale of order tH , leaving
behind two black hole horizons at the place where the wormhole mouths used to be. One of
the black hole horizons faces the baby universe, while the other one faces the exterior FRW
universe. At the time of formation, the interior and exterior apparent horizons coincide.
For the case of dust, the initial radius of such apparent horizons is given by 2GM (in)BHi =
2GM
(out)
BHi ≈ (3/2)tH . Note that this coincides with the Hubble radius at the time tH .
Supercritical walls do not accrete any substantial amount of matter. All of the matter that
was initially inside the wall remains inside the wall, and never gets close to the black hole
horizon which is facing the baby universe. Matter which is initially outside the wall follows
the flat FRW geodesic motion, with the escape velocity relative to the black hole, so it does
not accrete either. The large supercritical black holes form as a consequence of the wormhole
evolution, without any matter ever crossing the black hole horizons [1].
For the case of radiation, simulations show that the initial size of the apparent horizons
is given by 2GM (in)BHi = 2GM
(out)
BHi ≈ 5.6tH ≈ t˜H . Here, t˜H ≈ 3(
√
3− 1)−2tH is defined as the
time when the region affected by the wall motion comes within the Hubble radius. In this
expression for t˜H , we have taken into consideration that the affected comoving region grows
in time, since as soon as the wall starts its exponential expansion at the time tσ  tH ,
a rarefaction wave propagates outward into the FRW region at the speed of sound. For
instance, in the simulation represented in Fig. 9, we have t˜H ≈ 100H−1i . This corresponds to
the time when the dotted line representing the cosmological horizon intersects the boundary
of the uniform region unaffected by collapse. Note that the initial size of the apparent
horizon is approximately half the size of the cosmological horizon at the time t˜H . On the
other hand, t˜H precedes the time tBH when the black hole apparent horizons form, which is
represented in Fig. 9 by a purple line. Hence, the initial size of the black holes is smaller
than half of the cosmological horizon size at the time tBH .
Mass accretion does not affect the size of the inner apparent horizon M (in)BH (t) much,
because fluid near the inner black hole has been pushed away by the wall. On the other
hand, mass accretion onto the outer black hole horizon proceeds according to Eq. (34), with
the same accretion efficiency factor as in the case of subcritical walls. Furthermore, we find
that M (out)BH (ri; t) satisfies a scaling relation, so it is enough to consider a single value of the
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BH Mass Dust Radiation
MBHi ≈ 5σt2H ≈ 30σt2H
MBHf 3tH/4G (1-2)MBHi
Table I: BH masses in subcritical case
BH Mass Dust Radiation
M
(in)
BHi 3tH/4G 2.8tH/G
M
(in)
BHf 3tH/4G 2.8tH/G
M
(out)
BHi 3tH/4G 2.8tH/G
M
(out)
BHf 3tH/4G 5.6tH/G
Table II: BH masses in supercritical case
large supercritical initial wall radius ri. From the asymptotic behavior of this solution at
large times, we find that the mass grows approximately by a factor of 2, so that the final
Schwarzschild radius is approximately given by the Hubble radius at the time t˜H , that is,
2GM
(out)
BHf ≈ 2t˜H ≡ H˜−1.
By continuity, there should be a critical state in which the wall retains a constant radius.
In fact, as the critical regime is approached from the subcritical case, a wormhole throat
would be formed outside the wall and a baby universe created. If the wall gravity is still
not sufficiently strong, the wall would eventually collapse, and the baby universe would
disappear. However, if the wall is balanced by its tension and repulsive gravity, it would
retain an asymptotically constant size. This is an unstable state, and the wall would either
collapse or grow forever in the baby universe under a small perturbation.
Black hole masses in different scenarios are summarized in Table I and Table II. Our
results agree with nearly all the expectations in Ref. [1], except that the supercritical black
hole mass in radiation background is about 5.6 times larger than the upper bound estimated
there. This corresponds to the ratio between t˜H and tH . Aside from this overall factor, the
black hole mass distribution obtained in Ref. [1] remains unchanged.
Although the present work is motivated by the scenario where domain walls nucleate
by quantum tunneling during inflation, some of our results may also be useful in scenarios
where the sites of domain walls after inflation are determined by quantum diffusion of light
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fields during inflation [34, 35]. This connection is worth investigating, and is left for further
research. We also note that our analysis of mass accretion onto black holes may be applicable
more widely, to models where primordial black holes are not formed by domain walls, but
by other mechanisms (see, e.g., [36–39]).
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Appendix
In this Appendix we use Israel’s junction conditions to derive an approximate equation
of motion for a subcritical domain wall. In the subcritical case, when the gravitational effect
of the wall is not significant, we may assume that the interior region is a flat FRW universe
with metric
ds2 = −dt2 + a2(t)(dr2 + r2dΩ2). (44)
In the exterior region the metric can be expressed as
ds2 = −dt2 + a1(r, t)2dr2 + a2(r, t)2r2dΩ2. (45)
For a thin wall, we can use the junction conditions to match metrics (44) and (45) with
a1 = a2 = a inside the wall. We closely follow the method and notations in [13].
Let the trajectory of the wall be (t(τ), r(τ), 0, 0), where τ is the proper time on the wall,
then the tangent vector is vµ = (t,τ , r,τ , 0, 0), where ,τ ≡ d/dτ. Assuming t˙ to be positive,
vµvµ = −1 gives t,τ =
√
1 + a21r
2
,τ . (There’s an abuse of symbols here since t and r are used
as coordinates as well as the trajectory).
Let ξµ be the normal unit vector on the wall; then ξµvµ = 0 and ξµξµ = 1 give ξµ =
(a1r,τ , t,τ/a1, 0, 0) and ξµ = (−a1r,τ , a1t,τ , 0, 0). The induced metric on the wall is hµν =
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gµν−ξµξν and the extrinsic curvature is Kµν = h αµ ∇αξν , where ∇ is the covariant derivative
operator for 4-spacetime.
We define the brackets [Q]0 ≡ Qout −Qin, and {Q}0 ≡ Qout + Qin, where “out” and “in”
denote matching quantities on different sides of the hypersurface. Also we use the notation
Q¯ ≡ (Qout +Qin)/2. Then the first junction condition is [hµν ]0 = 0, and the second junction
condition is [Kµν ]0 = 8pi(−Sµν + Shµν/2), where Sµν = −σhµν is the energy-momentum
tensor of the domain wall. The equation of motion for the wall is SµνK¯µν = [Tµνξµξν ]0.
Lastly, energy conservation can be expressed as h αµ ∇αSµν = −[Tµαξµhαν ]0.
The (t, t) and (θ, θ) components of the first junction condition give
a21 = a
2
2 = a
2. (46)
Therefore a1,τ = a2,τ = a,τ , which gives
a˙t,τ = a,τ = t,τ a˙1 + r,τa
′
1 = t,τ a˙2 + r,τa
′
2. (47)
Furthermore, the (θ, θ) component of the second junction condition gives
[ξµ∂µ ln(a2r)]0 = −4piσ, (48)
and the (τ, τ) component gives
[ξµDτv
µ]0 = −4piσ, (49)
where Dτvµ = ∂τvµ + Γµλσv
λvσ, with Γµλσ the Chistoffel symbols in 4-spacetime.
A perfect fluid has energy-momentum tensor Tµν = (ρ+p)uµuν+pgµν . Then the equation
of motion is
{ξµDτvµ + 2ξµ∂µ ln(a2r)}0 = −
2
σ
[
(ρ+ p)(uµξµ)
2 + p
]
0
, (50)
and the energy conservation equation takes the form
[(ρ+ p)uµv
µuνξ
ν ]0 = 0. (51)
Let us first look at Eq. (48). Outside the wall, we have
ξµ∂µ ln(a2r) = a1r,τ
a˙2
a2
+
t,τ
a1
(
a′2
a2
+
1
r
)
. (52)
Inside the wall,
ξµ∂µ ln(ar) = r,τ a˙+
t,τ
ar
. (53)
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Then Eq. (48) yields
a′2 = −4piσa2
√
1 + a2r2,τ . (54)
Similarly, manipulating Eq. (49) gives
a′1 =
4piσ
√
1 + a2r2,τ
r2,τ
. (55)
These two equations can be rewritten as
a′1 =
4piσ
√
1− a2r˙2
r˙2
, (56)
a′2 = −
4piσa2√
1− a2r˙2 . (57)
Now we assume [uµξµ]0 = 0. Since uµξ
µ is the 4-velocity of the fluid in the direction of
the unit normal vector, this condition means the fluid flows through the wall smoothly. One
then obtains
{ξµDτvµ + 2ξµ∂µ ln(a2r)}0 = 0, (58)
which leads to the wall’s equation of motion
ar,ττ√
1 + a2r2,τ
+
4a,τr,τ√
1 + a2r2,τ
+
2
√
1 + a2r2,τ
ar
= 6piσ. (59)
This can also be written as
r¨ + (4− 3a2r˙2)Hr˙ + 2
a2r
(1− a2r˙2) = 6piσ (1− a
2r˙2)
3
2
a
, (60)
which is Eq. (32).
Furthermore, we are able to determine the time when apparent horizon arises. By Eq.
(25), when Θout = 0, that is, ˙(a2r) + (a2r)′/a1 = 0, one obtains(
H +
1
ar
)√
1 + ar˙
1− ar˙ = 4piσ, (61)
which is Eq. (33).
Lastly, the Misner-Sharp mass right outside the wall is
M =
a2r
2
{
1− (a2r)
′2
a21
+ ˙(a2r)
2
}
(62)
=
1
2
H2(ar)3 +
4piσ(ar)2√
1− a2r˙2 +
4piσHr˙
r
√
1− a2r˙2 (ar)
4 − 8pi2σ2(ar)3. (63)
34
These four terms are the volume energy, surface energy, surface-volume binding energy and
surface-surface binding energy, respectively. When r satisfies Eq. (33), M = ar/2.
If the spacetime inside the wall is Minkowski, a = 1 and H = 0. As a critical solution of
Eq. (60), r → const., which gives r = 1
3piσ
. Then Eq. (63) gives Mcr = 427piσ , which is exactly
the critical mass obtained in Ref. [9].
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